Abstract. The coupling impedance of layered accelerator structures, typified by kicker magnets with rectangular cross section, is analyzed. Special attention is paid to the effects of a thin resistive coating layer as well as that of an external metallic bypass layer. It is shown that the lowest real part of the impedance is achieved with the combination of coating and bypass and that the bypass layer is required in reducing the impedance at very low frequencies. Furthermore, a comparison of estimates based on longitudinally uniform and finite length kicker structures indicates that the uniform structure yields acceptable estimates.
I. Introduction
The topic of resistive coating comes up in the design of any new accelerator or accelerator component. The typical structure consists of a ceramic beam tube inserted into a ferritic kicker magnet. Resistive coatings on the beam tubes or ferrite blocks of the kickers are applied for various reasons. Preventing electrostatic charging and reducing the secondary electron emission can be achieved with a high-resistance coating which does not affect the performance otherwise; in particular the rise time and the coupling impedance of a kicker remains unchanged. In contrast, the goal of avoiding wall heating by bunched beams or of minimizing the coupling impedance to avoid collective effects requires low-impedance coatings which can significantly impact the performance of a component and requires careful analysis.
The coupling impedance of layered/laminated structures and the effect of a resistive coating on the coupling impedance has, of course, been treated competently in several previous papers, notably by Zotter [1] and Piwinski [2] , and in books [3, 4] . In Piwinski's Handbook article [5] , an expression for the coupling impedance is given for a ceramic beam tube with coating. This result indicates that a critical coating thickness equal to the square of the skin depth divided by the thickness of the ceramic wall is required in order to prevent field penetration and thus to reduce the coupling impedance. A fairly comprehensive theoretical and experimental study of the coupling impedance with high and low resistance beam tube coatings was done for the RHIC injection kicker [6] . The measured reduction in coupling impedance was in agreement with the theoretical predictions, although the final choice of high resistance was dictated by voltage holding requirements which is not addressed by theory. The rf screening by thin resistive layers was also confirmed by Caspers et.al [7] in coaxial wire measurements for the LHC dump kicker prototype. In a recent paper, Gluckstern and Zotter [8] presented an explanation based on wave reflections for the feature that a conducting layer thin compared to the skin depth is able to shield electromagnetic fields.
However, in spite of a vast array of papers, there remain several questions which require further work. One topic still being debated is the relative current distribution between resistive coating and metallic bypass and its effect on the transverse coupling impedance at very-low frequencies. Most results for layered structures assume longitudinal uniformity, and contain only a warning as to necessary modifications due to finite length or end effects. Standard scaling of the transverse from the longitudinal impedance is based on structures with circular cross section even though the typical kicker magnet is rectangular. Topics such as these are of current interest to the work on the SNS accumulator [9] and provided the stimulus for the present paper.
The approach here taken generally follows the previous publications, but differs in the detailed treatment and relies more on the results of an internal report by Hahn and Ratti [6] , where the radial field penetration in a structure with concentric circular elements, representing rings with dielectric, ferrite, or metallic properties, is treated by a rigorous matrix method. However, since the coating thickness is much smaller than the radius of the ceramic beam tube, the local fields in the coating can be treated in a Cartesian coordinate system thereby avoiding Bessel functions with complex arguments. To keep the mathematical formalism simple and to focus on the physics of the problem, the treatment is here carried out entirely in a rectangular coordinate system which, in fact, is better suited for the geometry of kicker magnets. Further simplifications are achieved by considering the coupling impedance of a beam between infinite slabs with layers of different resistivity, permittivity or permeability, called the "plate" model [10, 11] .
As first example, the exact expression for the resistive wall impedance in the plate model is derived in Section II, and its frequency dependence is numerically evaluated at typical energies. In Section III, the effect of a low-resistive coating layer on the impedance of a layered structure is discussed. For thin coatings the result can be stated, in qualitative terms, that the combined coupling impedance represents the structure and DC coating resistances in parallel. A practical expression for a thick metal layer, used as bypass, which remains valid a very low frequencies is then derived. In Section IV, the impedance of a multi-layered structure, representative of a ferrite kicker with external bypass and internal coating is presented. The possibility of a significant reduction of the resistive impedance part by a thin internal coating is demonstrated. Furthermore, in agreement with Caspers et al. experimental results, the bypass can carry current and further reduces the impedance at very low frequencies. In Section V, the changes introduced by the finite length of a structure are discussed and numerically compared to the infinite length solution. In the final Section VI, the necessary modifications of the plate model solution to accommodate a rectangular cross section are introduced and expressions for the longitudinal and transverse coupling impedance of layered, rectangular structures are given.
II. The Plate Model
The coupling impedance of an accelerator structure is fully described by its surface (or Rsquare) impedance at the surface exposed to the beam. However, the analysis of the impedance of multi-layer walls, in particular the effect of a thin coating at low frequencies, requires a rigorous treatment, the details of which are given in the next section of this report. An understanding of the physics involved can best be gained by developing the heuristic solution for a simple model of a current sheet between two plates ("slabs") as shown in Fig.1 . This model can locally represent a generic device, such as the resistive wall beam tube or a kicker magnet, by retaining the value for the surface impedance and equating the spacing of the current sheet to wall, b, with the radius B r . The coating of thickness d is now added to the plate but without changing the plate's R-square impedance value. The coupling impedance seen by the beam is still determined by the R-square impedance of the plate but screened by the coating. Analyzing the effect of a resistive coating on the surface resistance can therefore be done in the plate model and the result is then applied directly to the beam tube impedance, provided that the coating thickness is small compared to the beam tube radius. The fields in each of the structure layers are transverse magnetic and can be obtained from a scalar potential, solution of
The solutions are appropriate combinations of
The solution for the fields in the free space between current sheet and structure is found to be Ignoring the space charge contribution, one finds the structure contribution to the coupling impedance per unit length, (0) / /( cosh )
In the limit of ultra-relativistic beams, 0 κ → , and thick metallic walls,
The dependence of the coupling impedance on energy is shown in Fig. 2 . It is seen, that the imaginary part is energy dependent, whereas above ~1 GeV the energy dependence of the real part is negligible and can be found from the skin effect resistance directly. 
III. Coating Layer
The screening effect resulting from the coating layer is analyzed by considering the fields in the coating, cosh sinh Finally, since zo
remains unchanged, the "screened" surface impedance seen by the beam follows rigorously as
The coating layer can be characterized as "thin", if d δ . For a generic coating, with a conductivity of σ=4×10 7 /Ωm and 10 µm thick, this limit implies frequencies below ~60 MHz. At "low" frequencies, i.e. for / 1 d δ < , the term tanh d and represents the inverse dc R-square impedance of the coating. It follows that the "screened" surface impedance is obtained in good approximation as the parallel assembly of
It is instructive to apply the general result to a "thick" metallic layer alone in free space without external layer, as typified by the bypass. The free space impedance for air differs from vacuum by the non-zero electric susceptibility, Although the difference seems small, it can result in qualitatively different effects at energies above the critical value 40 c γ ≈ , in particular it results in Cerenkov radiation.
[14] The dependence on beam energy was numerically investigated with the results shown in Fig.3 . On sees that in the frequency range of interest, the R-square value of a "thick" bypass is adequately represented by the standard skin effect impedance, » .
Only at the lowest frequencies, the energy dependence becomes noticeable with energies below and above the critical 40 GeV having essentially equal impedance values, given by the dc resistance of the layer. Only at the critical energy, where the external impedance is zero, and thereby reflecting the often used case of infinite conductance, the values are different. This suggests that the R-square impedance of a "thick" outer metal layer, here referred to as bypass, is over the entire frequency range adequately described by the simple expression, / tanh d σ σ κ » , which is energy independent. 
IV. Multi-Layer Structure
The case of a general structure such as a ferrite layer with an external "bypass" metal and inner "screening" coating is of immediate interest and, in fact, provided the stimulus for the present report.
A matrix method is here presented to obtain theoretical expressions for the longitudinal coupling impedance of an accelerator component which can be represented by the simple model constructed with several layers of plates [6] . The coupling impedance is generated by the beam-excited TM mode electromagnetic fields, propagating in the center of the structure in the longitudinal direction. The calculation of the longitudinal coupling impedance seen by a beam can be reduced to the determination of an equivalent surface (R-square) impedance at the innermost side of the structure. In view of the above results showing only a weak energy dependence of the coupling impedance, it is often sufficient to address only the ultra-relativistic case. However, the treatment of the free space outside the structure entails conceptual problems and thus its energy dependence is considered in this Section.
The transverse field propagation in a laminated plate structure with arbitrary properties, including resistive, dielectric and/or magnetic, is fully described by the knowledge of the longitudinal electric and vertical magnetic field at the inner and outer plane of each layer. The concept of surface impedance now greatly facilitates the analysis of propagation through a series of layers, since it is basically defined as the ratio of electric and magnetic field strength at a given plane and thus provides the formal analogy between wave propagation and conventional low frequency transmission line theory.
The expressions for the fields of interest within a layer of uniform properties can be derived from a scalar potential based on the hyperbolic functions as described in the preceding section. The above equations lend themselves to a matrix notation which simplifies the analysis of a structure with regions of different properties. The fields at the inner and outer plane of a layer are related by the matrix
with the expressions for the matrix elements (in natural units,
with the common factor For convenience sake, the matrix for a metallic layer is here explicitly given,
with the wave number and impedance of the material 
The total matrix representing the sequence of layers in a structure is now obtained by appropriate matrix multiplication. The matrix relates electric and magnetic fields rather than voltage and current, but continuity of radial power flow requires that its determinant is still unity, det( ) 1 M = .
Taking into account the surface impedance (or R-square) definition at distance x, ( ) ( ) ( ) 
In the usual case, when there is air outside the accelerator structure, one finds the surface impedance at the structure outside to be (natural units) The foregoing matrix treatment can be handled without special difficulty by way of computer programs, including complex arguments due to lossy materials, and it is informative to apply the full formalism to the two representative case of a loss-less dielectric layer and also to a lossy ferrite layer. The relative effects due to an internal metallic thin coating and/or a thick bypass are readily evaluated over a broad frequency range, including the low-frequency end down to 1 Hz.
Ceramic Layer. The various configurations with respect to coating and bypass are numerically evaluated for a generic loss-less ceramic structure with ε = 10, 3 d ε = cm and the results for the real part and imaginary part of the inner surface impedance are shown in Fig. 4 The real part of the impedance is of particular importance to the beam stability. The analysis of the numerical results points to some interesting facts:
-The naked ceramic layer, without coating and without bypass, exhibits the Cerenkov effect at energies above the critical 40 GeV. -The impedance of the structure with coating alone or bypass alone is at sufficiently high frequencies, here above 10 kHz, independent of energy -At energies not close to the critical value, the impedance of a coated ceramic shows a resistive component equal to its DC value over the entire frequency range of interest -Surprisingly, at energies away from the critical value, the lowest resistive impedance value is obtained with the bypass at the ceramic outside. -The impedance of the ceramic shows at the critical energy a significantly different behavior at low frequencies, here below 10 kHz, suggesting that the use of a "perfect" short at the outer wall is at most energies, especially at ultra-relativistic energies, not justified. were evaluated and the results are shown in Fig. 5 . Comments regarding the real impedance are in line with those for the dielectric layer. However, the presence of ferrite losses especially at higher frequencies is evident, and points to the necessity of the coating layer.
The possibility of reducing the impedance with a combination of coating and bypass exists, but is limited to extremely low frequencies, here ~10 kHz. As expected, the Cerenkov impedance at high energies shows up in the naked structure as well. The impedance at the critical energy is again qualitatively different from that at low energies. With respect to the imaginary part of the impedance, it suffices to mention that the high mu of the ferrite leads to resonant behavior in the frequency range of interest.
General Comments. The customary use of a bypass with infinite conductivity or the treatment of the external space as perfect vacuum leads, in general, to qualitatively erroneous results at low frequencies, and is only justified in the vicinity of the critical energy at about 40 GeV. The presence of a bypass is adequately represented at all frequencies and over a broad range of energies by its R-square impedance, / tan d σ σ κ » , as shown above. 
V. Structures with finite length
The R-square impedance of structure with finite length, L, can be derived by using the general expressions for the infinitely long case with appropriate modifications. It can be assumed that the inner coating and the bypass are perfectly connected to the loss-less beam tube. The field within the dielectric/ferrite layers of the structure is now expanded into an (infinite) set of stationary TM mode eigen-functions which involves replacing the jkz e dependence with 2 cos e ; sin (2 1)
The matrices reflect the transverse wave propagation and thus retain essentially the same functional dependence but with changed κ-wave numbers in the dielectric/ferrite layers. Explicitly, the matrix associated with the n-th mode in a dielectric/ferrite layer is cos sin sin cos The transverse wave number is k-independent in the metallic layers and, therefore, remains unchanged. The Matrix of a layered structure follows by matrix multiplication as in the case of a uniform structure.
The effective surface impedance seen by the beam is now given by the sum of the impedances generated by each mode, 
with the G-factors representing the coupling between the beam-induced coherent field and the stationary fields in the structure,
The R-square impedance at the outer plane of the structure is that of vacuum or air, and its correct value remains subject to discussion but since the fields are here stationary the wave impedance of free space Z 0 is an appropriate choice. In the presence of a bypass, the R-square impedance is adequately approximated by / tanh
In order to test the convergence of the expression for the effective surface impedance, a 1 m long structure consisting of a 3 cm thick lossy ferrite with bypass was evaluated with an increasing number of terms. The results found at 100 MHz, where the need for many terms may be expected, is shown in Fig. 6 and suggest that convergence can be obtained with only a few terms. In the presence of a coating, the convergence will be even faster since the radial wave number in a resistive layer is independent of length. The difference between surface impedance values obtained for a uniform and finite length structure respectively was evaluated by means of 1 m long kicker model with 3 cm thick ferrite layer and a 1 cm bypass. The results for the two cases in Fig. 7 indicate that the use of the uniform approximation provides acceptable results up to the tens of MHz range. Changes of transverse dimensions in structures without ferrite or dielectric must be treated as single or double step discontinuity [15] . If the spacing between steps is larger than the step, each step presents at low frequencies an inductance. Obviously, the value of the step inductance cannot be found from the uniform solution of a wave guide. If the step is comparable to the length of the discontinuity, the interference between the step induced fields lead to pill-box resonances, which show up at higher frequencies and require finite length treatment [7, 8] . Although the plate model is not intended for a pill box analysis, it still can be used to estimate its impedance in the presence of a coating layer.
VI.
Coupling Impedance Estimates for Rectangular Cross Section at ultra relativistic energies
In the preceding sections, the R-square or surface impedance of layered accelerator structures with infinite length was obtained in the plate model approximation and changes due to a finite length were analyzed. In this last section, estimates for the longitudinal and transverse coupling impedance of structures with rectangular cross section are derived by assuming that the vertical is (much) larger than the horizontal aperture. In this case, the fields generated by the beam are adequately defined by the plates with perfect conductivity. In the perturbative approach used here, the beam-induced magnetic field at the plate produces a longitudinal electric field and gives the estimate for the coupling impedance.
Longitudinal coupling impedance
The fields generated by an ultra-relativistic delta current of strength, I, between perfect plates is known from summation of mirrored currents [16] or directly from conformal mapping ( tan w z = ) [17] to be ( ) is omitted for convenience. The magnetic field at the plate produces a longitudinal electric field, which to first order is independent of the transverse position, In the limit of ultra-relativistic beams and the perturbation treatment used here, one finds the longitudinal coupling impedance per unit length of the structure with wall impedance ℜ as, 4 
Z b ℜ =
The longitudinal coupling impedance of a double step discontinuity, simulating the pill box in ref. 7 , 80 cm long with 50 cm i.d. and 5 cm beam tubes, is shown in Fig. 8 . The results are for thick metal walls alone and thick metal walls plus inner coating. The resonance although determined in the plate model corresponds to the TM 010 mode of the pill box. Below this resonance, the open discontinuity (i.e. without coating) is determined by the skin effect resistance of the bypass wall and the inductance, i.e the R/(Qω 0 ), of the resonance. Its coupling impedance can be represented by the two components in series. The coating serves as shunt to the discontinuity and suppresses the resonance. At very low frequencies, the impedance of the inductance tends to zero, and the remaining impedance is determined by the dc resistance of bypass and coating in parallel. 
Transverse coupling impedance
The fields generated by a dipole current, I∆, between perfect plates is known from conformal mapping ( log tan w z = ) to be ( ) The transverse coupling impedance of a rectangular structure, in the ultra relativistic limit, is shown in Fig. 9 . The structure, 1 m long and 20 cm vertical aperture, consists of a 6 mm ceramic and 3 cm lossy ferrite layer. The impedance is obtained for the structure with the application of a 10 µm resistive coating, a 1 cm bypass, or the combination of both .
The numerical results are qualitatively different from those of the double step discontinuity. Notable is the absence of a resonance, which is completely damped by ferrite losses, with the implication that the results could have been obtained from the uniform structure calculations. Potentially of concern is the 1/ω dependence of the transverse impedance emphasizing the low frequency end and leading to large resistive impedance values, but fortunately only in a frequency range of little or no relevance to beam stability. The presence of several layers renders the association of the impedance with a particular layer difficult. Nevertheless one notes that the real part of the coupling impedance is over a wide frequency range primarily determined by the dc resistance of the coating, but at very low frequencies it is lowered by the presence of the bypass. Again the impedance at very low frequencies is determined by the dc resistance of coating and bypass in parallel. 
